Abstract. Let R be an integral domain of finite type over Z and let f : X → Spec R be a smooth projective morphism of relative dimension d ≥ 1. We investigate, for a vector bundle E on the total space X , under what arithmetical properties of a sequence (pn, en) n∈N , consisting of closed points pn in Spec R and Frobenius descent data Ep n ∼ = F en * (F ) on the closed fibers Xp n , the bundle E 0 on the generic fiber X 0 is semistable.
Introduction
This paper is a continuation of our note [4] . Let Z ⊆ R be an integral domain of finite type and let f : X → Spec R be a smooth projective morphism of relative dimension d ≥ 1. For a locally free sheaf E on X we are interested how properties of E 0 = E| X0 on X 0 = X × Spec R Spec Q(R) (in characteristic zero) are related to properties of E p on X p = X κ(p) = X × Spec R Spec κ(p) for closed points p with finite residue class field (in positive characteristic). More specifically, we study what Frobenius descent properties for E p force E 0 to be semistable. We say that E p admits an eth Frobenius descent if E p ∼ = F e * (F ) for some locally free sheaf F on X p , F being the absolute Frobenius morphism. In [4] we gave, addressing a question of K. Joshi [10] , an example of a bundle on a smooth projective relative curve over Spec Z such that E p admits a first Frobenius descent (e = 1) for infinitely many prime numbers p, yet E 0 is not semistable.
Here we allow the Frobenius exponents e to grow. We will consider Frobenius descent sequences (p n , e n ) n∈N consisting of closed points p n and natural numbers e n such that E pn admits an e n th Frobenius descent. It turns out for X being a relative curve that one has to compare the growth of e n with the number of elements in the residue class fields κ(p n ). Our main positive result, Theorem 3.4, states that E 0 is semistable if e n − |κ(p n )| c → ∞, where c is a constant depending on the genus of the curve and the rank of the bundle. We will give examples of Frobenius descent sequences where the characteristic is constant and e n → ∞, but E 0 is not semistable (Examples 4.3 and 4.5).
We give a quick overview for the organization of this paper: In Section 2 we deal with bundles over varieties over a field of fixed positive characteristic. We recall the notions of strong semistability, flat bundles (introduced by Gieseker) , Frobenius descent and Frobenius periodicity. We exhibit how these concepts are related over a finite field and how they differ in general. In Section 3 we prove after some preparatory work our main theorem, and Section 4 presents the examples.
Flat bundles, Frobenius descent and strong semistability
To begin with we recall some essential notions regarding semistable sheaves on a smooth projective variety X over an algebraically closed field K (for a complete account see the book [9] ). A coherent torsion-free sheaf E on X is semistable (in the sense of Mumford and Takemoto) if for every coherent subsheaf 0 = F ⊂ E the inequality µ(F ) = deg(F )/ rk(F ) ≤ deg(E)/ rk(E) = µ(E) holds. The sheaf E is stable if the inequality is always strict. The degree of a sheaf F is defined using intersection theory and a fixed ample invertible sheaf O X (1) as deg(F ) = deg(c 1 (F ).O X (1) dim(X)−1 ). For every coherent torsion-free sheaf E there exists the Harder-Narasimhan filtration E 1 ⊂ E 2 ⊂ . . . ⊂ E t = E such that E i /E i−1 is semistable and µ(E 1 ) > µ(E 2 /E 1 ) > . . . > µ(E/E t−1 ). The slopes µ(E 1 ) and µ(E/E t−1 ) are also denoted by µ max (E) and µ min (E) respectively. If K is not algebraically closed, then we define the terms degree, semistable, etc. via the algebraic closure of K.
On a smooth projective variety X over a field K of positive characteristic p > 0 we consider the absolute Frobenius morphism F : X → X which is the identity on the topological space X and the pth power map (−) p on the structure sheaf O X . A coherent torsion-free sheaf E is called strongly semistable if all Frobenius pullbacks F e * (E) are semistable. The Frobenius pull-back of an algebraic cycle
Definition 2.1. Let X be a smooth projective variety over a field of positive characteristic and let E be a locally free sheaf on X. We say that E admits an eth Frobenius descent if there exists a locally free sheaf F such that E ∼ = F e * (F ). We say that E admits an infinite Frobenius descent if E ∼ = F e * (F e ) holds for every e ∈ N and locally free sheaves F e . Furthermore, the locally free sheaf E is called flat, if there exists a collection (F e ) e∈N of locally free sheaves such that F 0 = E and F e ∼ = F * (F e+1 ).
The notion of flat (sometimes called stratified) bundles was introduced by Gieseker (cf. [7, Definition 1.1]). We emphasize that the notion of flatness depends on the base field (see Example 2.8). If in positive characteristic a semistable vector bundle E admits a Frobenius descent E ∼ = F * (F ) then clearly F has to be semistable too. The following easy observation is well-known (cf. [6, Lemma 5] ), but for completeness we present it with a proof. Lemma 2.2. Let X be a smooth projective variety defined over a field of positive characteristic p > 0, let O X (1) be a fixed ample line bundle and let E be a locally free sheaf of degree zero and rank r on X with b := µ max (E). If E ∼ = F e * (F ) holds for some e > log 2 (rb) and a locally free sheaf F then F is semistable. Moreover, if E is a flat vector bundle on X then there exists an e 0 such that all descent bundles F e are semistable (with respect to every O X (1)) for e ≥ e 0 .
Proof. Assume F is not semistable. Since by assumption E has degree zero and rank r, so has F . Therefore, we have µ max (F ) ≥ 1/r and we obtain (we may assume that dim(X) ≥ 1)
This yields a contradiction. For a flat vector bundle E we have by definition F e ∼ = F * (F e+1 ) for every e ∈ N. Hence, the supplement follows now from the equalities
. . = F e * (F e ) for every e > 0.
Proposition 2.3. Let X be a smooth projective variety defined over a finite field K and let E be a locally free sheaf of rank r on X. Then the following conditions are equivalent: (1) ⇒ (3). We define F i := F (−i mod e) * (E) (taking 0 ≤ −i mod e < e) and get
and see that E has the structure of a flat vector bundle. (3) ⇒ (4). As mentioned in the proof of Lemma 2.2 we have E = F e * (F e ) for every e > 0 which yields infinite Frobenius descent. (4) ⇒ (1). By assumption there exist locally free sheaves F e , e ∈ N, such that E ∼ = F e * (F e ) for every e > 0. This implies the equalities c i (E) = p ei c i (F e ) for the Chern classes of E for all e, p = char(K), i = 1, . . . , dim X. Hence, all the Chern classes c i (E) and c i (F e ) are numerically trivial for i = 1, . . . , dim X and e ≥ 0, because deg( 
and we obtain a repetition of the vector bundle E.
In Proof. Let E be a flat bundle on X. By Proposition 2.3 there exists anétale cover ψ :X → X such that ψ * (E) becomes trivial onX. Hence ψ * (E)K is trivial onXK. By assumption π 1 (XK) is trivial and therefore XK is simply connected (cf. [17, Theorem 5.3] ). Hence EK is trivial on XK and so E is trivial on X.
We also present a weaker version of Proposition 2.3 which goes essentially back to [13] .
Proposition 2.5. Let X be a smooth projective variety defined over a finite field K and let E be a locally free sheaf. Then the following conditions are equivalent.
(1) There exists a repetition F t * (E) ∼ = F s * (E) with t > s. (2) E is strongly semistable (with respect to every O X (1)) with numerically trivial Chern classes. (3) There exists anétale cover ψ :X → X such that ψ * (F s * (E)) becomes trivial for a certain s > 0.
Proof. (1) ⇒ (2). The repetition yields the equations
and the assertion on the Chern classes follows. In particular, deg(E) = 0 for every O X (1). We have
is semistable by Lemma 2.2. Every F e * (E) has a Frobenius pull-back which is isomorphic to F s * (E), hence E is strongly semistable. A flat vector bundle E over an infinite field of positive characteristic is in general not semistable. Examples for this behavior were constructed in [6] by D. Gieseker.
In the following we give examples of flat and strongly semistable bundles without any Frobenius repetitions. In contrast, if X is defined over a finite field K such that the p-torsion of Pic 0 (X) is non-trivial, we find a line bundle The following Proposition gives a method to construct flat vector bundles of rank two without any Frobenius repetition. Unlike the previous example these bundles areétale trivializable and hence come by [13, Proposition 1.2] from a representation ρ : π 1 (X) → GL 2 (K) of the algebraic fundamental group π 1 (X). 
Proof. The Frobenius morphism acts on
. . , k, and its nilpotent part V n , where F * is a nilpotent map (cf. [22, III.14, last corollary]). The assumption on the p-rank of X means that dim K V s ≥ 2. We fix two linearly independent vectors v and w in V s with F * (v) = v and F * (w) = w, and we consider the cohomology class c = v + tw, where t ∈ K × is a transcendental element. Let the vector bundle E be the extension of
. Such a bundle is strongly semistable. The eth Frobenius pull-back of E is the extension given by F e * (c) = v + t Example 2.10. We consider the Fermat quartic
over the algebraic closure of the function field F 5 (t). TheČech-cohomology classes
X 2 Y as follows:
and analogously we obtain F * (
are classes which are fixed under the Frobenius. Hence the bundle defined by c :=
XY 2 has all properties described in Proposition 2.9. The descent data are given by the extensions defined by c n :
XY 2 , n ≥ 0. The following example was used in [5] 
. . , n, such that the ideal generated by the f i is R + -primary, the syzygy bundle Syz(f 1 , . . . , f n )(m) is given by the short exact sequence
It has rank n − 1 and degree
Example 2.11. We consider the smooth plane curve
where T might be algebraic or transcendental. We consider the syzygy bundle Syz(X 2 , Y 2 , Z 2 )(3) and its Frobenius pull-backs Example 2.12. Let C be a smooth projective curve of genus two defined over an algebraically closed field K of characteristic 3. It was shown in [16, Corollary 6.6] that the rational map
(also called the Verschiebung) from the moduli space M C (2, O C ) parameterizing semistable rank two vector bundles with trivial determinant is surjective. This means for a stable rank two vector bundle E that E ∼ = F * (F ), where F is necessarily stable too. Hence every stable rank two vector bundle is flat.
For a semistable but not stable bundle E we obtain just sequences
. Such an S-flat bundle is in general not flat. For instance, let C be an elliptic curve and consider the bundle F 2 in Atiyah's classification [1] , i.e., the unique indecomposable sheaf of rank two and degree zero with Γ(C, F 2 ) ∼ = K. The bundle F 2 is sitting inside the short exact sequence
and we see that [
C . Therefore, F 2 is not flat since it is not a pull-back of another vector bundle. If the Hasse invariant of C equals one, then F * (F 2 ) ∼ = F 2 and F 2 is flat.
Deep Frobenius descent on relative curves
In this section we consider a smooth projective morphism f : X → Spec R of schemes of relative dimension d ≥ 1 where the ring R is Noetherian. In this situation we denote by X p := X × Spec R Spec κ(p) the fiber over the prime ideal p ∈ Spec R, where κ(p) := R p /pR p denotes the residue class field at the point p. These fibers are smooth projective schemes of dimension d. Further, we fix an f -very ample line bundle O X (1) on X , in particular O X (1)| Xp is a very ample line bundle on X p . If E is a locally free sheaf on X then E p := E| Xp denotes the restriction of E to the fiber X p .
The following Lemma is well-known, but since it is essential for our further progress we will present it with a full proof.
Lemma 3.1. Let R be a Noetherian ring and let f : X → Spec R be a smooth projective morphism of relative dimension d ≥ 1 together with a fixed f -very ample line bundle O X (1). If E is a locally free sheaf on X then there exists a global bound
Proof. Without loss of generality, we can assume that Spec R is connected. The locally free sheaf E(m) is globally generated for m ≫ 0 (cf. 1) ). In particular, this bound holds for the slope of every quotient sheaf of E p . Therefore, if E p is not semistable and F is the maximal destabilizing subsheaf of E p we obtain the simple inequalities Proof. Let E be a semistable vector bundle on C of rank r and degree zero. Further, we fix an ample line bundle O(1) of degree one. For ℓ > 2g − 1 we have µ(E(ℓ)) = ℓ > 2g − 1. Therefore, by [24, Lemme 20] , the bundle E(ℓ) is generated by global sections and h 1 (C, E(ℓ)) = 0. So we obtain a short exact sequence
where s := h 0 (C, E(ℓ)) = rℓ + r(1 − g) and F is a locally free sheaf of rank s − r and degree −ℓs. Let 0 = F 0 ⊂ F 1 ⊂ . . . ⊂ F t = F be the Harder-Narasimhan filtration of F . Since µ(F i ) ≤ −ℓ holds for all i = 1, . . . , t, the degrees of the subbundles F i are all negative. Thus we have deg(F /F t−1 ) ≥ deg(F ) = −ℓs and moreover µ(F /F t−1 ) ≥ −ℓs. This yields
So for k := ℓ(s + 1), again by [24, Lemme 20] , all twisted quotients (F i /F i−1 )(k), i = 1, . . . , t, are globally generated with h 1 (C, (F i /F i−1 )(k)) = 0. We show now by induction that the bundles F i (k), and in particular F (k), are also globally generated with h 1 (C, F i (k)) = 0. To do that, we look at the short exact sequences
By the induction hypothesis F i−1 (k) is generated by its global sections and we have h 1 (C, F i−1 (k)) = 0 which implies h 1 (C, F i (k)) = 0 too, since the quotients do not have higher cohomology. Hence, we obtain a commutative diagram
with exact rows and columns. We have to show that the morphism of sheaves in the middle is surjective too. But, since surjectivity is a local property, we can consider this diagram locally at a point P ∈ C. Then the surjectivity follows from the five lemma (cf. [23, §42, Aufgabe 14]). So we have proved that the bundle F (k) is globally generated and we have the following commutative diagram
where m := h 0 (C, F (k)) = −ℓs + (s − r)k + (s − r)(1 − g) and A is an m × s matrix with entries in Γ(C, O(k − ℓ)) = Γ(C, O(ℓs)). So every semistable vector bundle of rank r and degree zero is parameterized by such a matrix A. The K-vector space Γ(C, O(ℓs)) has by Riemann-Roch dimension h 0 (C, O(ℓ)) = ℓs + 1 − g =: n. Hence |K| c , with c := nms, is an upper bound for the number of possible matrices and we see that the constant c only depends on r and g. We are now able to prove our main theorem. We assume from now on that R is a Z-domain of finite type, Z ⊆ R, and that f : C → Spec R is a smooth projective relative curve. In this situation the residue class field κ(p) of every closed point in Spec R is a finite field. We denote by C 0 the fiber of the relative curve over the generic point (0) ∈ Spec R (in characteristic zero).
For a vector bundle E on C we ask when arithmetical Frobenius descent data imply the semistability of E 0 on C 0 . Such data are given by a sequence (p n , e n ) n∈N , where p n are closed points in Spec R and e n describes the depth of the Frobenius descent on C pn , i.e., E pn ∼ = F en * (F n ), with F n locally free on C pn . We call such a sequence a Frobenius descent sequence. Proof. Let F n be locally free on C pn such that E pn ∼ = F en * (F n ). First of all we remark that the degree of E has to be zero. This follows, since deg(E pn ) = p en n deg(F n ) holds for p n = char(κ(p n )) and e n → ∞ (compare this also with the proof of [4, Proposition 3.1]). By Lemma 3.2 the number of isomorphism classes of semistable vector bundles of degree zero and rank r on each fiber C pn is bounded from above by |κ(p n )| c , where the constant c depends only on r and the genus of C and is therefore independent of the closed point p n . Since by assumption the sequence (e n − |κ(p n )| c ) n∈N diverges, we fix an index n such that
where b is the bound of Lemma 3.1. We apply Lemma 2.2 to
is semistable for all k with e n − k > t. Due to the inequality e n − t ≥ |κ(p n )| c there has to be a repetition
′ < e n − t. By Proposition 2.5 the locally free sheaf F n is strongly semistable on C pn . Hence E pn is strongly semistable too. By the openness of semistability we obtain the semistability of E 0 = E| C0 on the generic fiber C 0 .
Corollary 3.5. In the situation of Theorem 3.4 assume that there exists a closed point p ∈ Spec R such that E p admits an infinite Frobenius descent on C p , i.e., we have e n → ∞ in the sequence (p, e n ) n∈N . Then E 0 is semistable on the generic fiber C 0 .
Proof. Since p n = p for all n, the expression |κ(p n )| c is constant, so this follows from Theorem 3.4. This corollary can also be proved using Proposition 2.3, by which the locally free sheaf E p is strongly semistable on C p . Again by the openness of semistability we conclude that E 0 is semistable on the generic fiber C 0 .
Remark 3.6. In our proof of Theorem 3.4 we have found a closed point p = p n in Spec R where E p is strongly semistable. Moreover, E p is even flat. We have 
, the sheaf L p is strongly semistable on C p = D κ(p) . However, it is not flat at any closed point; this follows from Proposition 2.3. For every n there exists q = p an and an invertible sheaf N on D Fq with L Fq ∼ = N p n , because this is true on D Fp . Hence we have a Frobenius descent sequence (p n , n) with κ(p n ) = F p an . We have n − p can ≤ 0 for all n, because else there were a repetition N p e ′ = N p e for e < e ′ ≤ n.
Remark 3.8. The existence of a Frobenius descent for E p is by the so-called Cartiercorrespondence [11, Theorem 5 .1] equivalent to the existence of an integrable connection ∇ p on E p with p-curvature zero (see [11] and [12] for a detailed exposition of these notions). We neither know whether these connections are related to each other nor whether they come from a global connection ∇ on E. The GrothendieckKatz p-curvature conjecture [12, (I quat) ] states that given an integrable connection ∇ on E (on X → Spec R) with the property that ∇| Ep on X p has p-curvature zero for char(κ(p)) ≫ 0, then there exists anétale cover ψ : Y → X 0 such that (ψ * (E 0 ), ψ * (∇ 0 )) is trivial. This is only possible if E 0 is semistable.
Counterexamples for the case of constant characteristic
In this section we give several examples consisting of rank two vector bundles E on smooth projective relative curves C and Frobenius descent sequences (p n , e n ) n∈N with certain arithmetical properties, but where E 0 is not semistable on the generic fiber C 0 . We first recall briefly our example presented in [4] of a Frobenius descent sequence (p n , e n ) n∈N = ((p n ), 1) n∈N where p n runs through infinitely many prime numbers. Hence Theorem 3.4 does not hold when the sequence (e n ) n∈N is constant and char κ(p n ) → ∞. In Example 4.3 and Example 4.5 we present Frobenius descent sequences of closed points of constant residue characteristic and e n → ∞, where again E 0 is not semistable. Hence infinite Frobenius descent in different points of the same residue characteristic does not imply semistability. These examples are based on examples by P. Monsky showing how the Hilbert-Kunz multiplicity depends on algebraic parameters, and use the geometric interpretation of Hilbert-Kunz theory in terms of (strong) semistability. We do not know of an example where |κ(p n )| → ∞ and e n ≥ |κ(p n )| and where E 0 is not semistable. 
of degree d = 2ℓ + 1 and ℓ ≥ 2. The first Frobenius pull-back of the syzygy bundle (3) is sitting inside the short exact sequence
on the fibers C p for primes of the form p ≡ ℓ(d) (see [4, Lemma 2.1]). As a consequence of the Cartier-correspondence this sequence does not split for almost all such p (see [4, Lemma 2.4] ). Therefore, we take the vector bundle E on C defined by the extension corresponding to the non-trivialČech-cohomology class c
On the fibers C p we have (because dim H 1 (C p , O Cp (d − 3)) = 1) the equality c = λc ′ , where c ′ is the class corresponding to our short exact sequence above, hence
). But the restriction E 0 to the generic fiber C 0 is not semistable. 
the equation defining the relative projective curve
Proof. To prove the Lemma we use, as in [4, Lemma 2.1], Hilbert-Kunz theory and its geometric approach (cf. [3] and [25] ). P. Monsky has shown in [20, Theorem 4.13] that the Hilbert-Kunz multiplicity (see [19] ) of the homogeneous coordinate ring R p of the fiber C p (which is smooth for t = 0, 1) equals Corollary 4.6 (ii)] the restriction Ω P 2 | Cp ∼ = Syz(X, Y, Z) of the cotangent bundle on the projective plane to the fiber C p is strongly semistable for the generic point p ∈ Spec F 2 [T ] corresponding to a transcendental value and not strongly semistable for all algebraic instances. Monsky further proved in [20, Theorem 3.1] that the d+1th pull-back
, has a non-trivial section. We have to show that this section has no zeros. Consider the Harder-Narasimhan filtration But by Serre-duality we have Example 4.5. First we look at the smooth projective relative curve
